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Introduction Symmetric Hunt processes
Stable-like processes

What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

For u € L?(R%, dz), define a Dirichlet form (£, F) as
E(u,v) == /Rd Rd(u(w) —u(y))(v(z) — v(y))J (z,y)dzdy

and
F={feL*R"dx): E(f, f) < oo}.
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Introduction Symmetric Hunt processes
Stable-like processes

What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

For u € L?(R%, dz), define a Dirichlet form (£, F) as
E(u,v) == /Rd Rd(u(w) —u(y))(v(z) — v(y))J (z,y)dzdy

and
F={feL*R"dx): E(f, f) < oo}.

Here J is a symmetric measurable function on R? x R\ {z = y}.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Symmetric Hunt process

Under some mild assumptions on J, the Dirichlet form (&, F) is, in fact, a
regular Dirichlet form,

i.e., Co(RY) N F is dense in F with the norm E(f, f) + [5a |f|*dx and
C.(R%) N Fis dense in C.(R?) with the uniform norm.
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Symmetric Hunt process

Under some mild assumptions on J, the Dirichlet form (&, F) is, in fact, a
regular Dirichlet form,

i.e., Co(RY) N F is dense in F with the norm E(f, f) + [5a |f|*dx and
C.(R%) N Fis dense in C.(R?) with the uniform norm.

Thus, by Fukushima (71) and Silverstein (74), there is a symmetric
(conservative) Hunt process X in R¢ associated with (£, F). lts
L?-infinitesimal generator £ f(z) is

Lu(z) = lim (u(y) — u(@))J (2,y)dy.
=40 J{jy—al>e}
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Jumping Kernel for Symmetric Hunt process

J(z,y) is called the jumping kernel for X because J(z,y) determines a Lévy
system of X, which describes the jumps of the process X.

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Jumping Kernel for Symmetric Hunt process

J(z,y) is called the jumping kernel for X because J(z,y) determines a Lévy
system of X, which describes the jumps of the process X.

Let 7p :=inf{t > 0 : X; ¢ D} be the first exit time from D by X.
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Introduction Symmetric Hunt processes
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Jumping Kernel for Symmetric Hunt process

J(z,y) is called the jumping kernel for X because J(z,y) determines a Lévy
system of X, which describes the jumps of the process X.

Let 7p :=inf{t > 0 : X; ¢ D} be the first exit time from D by X.

For A c R*\ D,
TD
P.(X,, € A) / / (X, 2)dzdt
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
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Heat Kernel estimates

Analytic point of view

p(t, z,y) is called the heat kernel for L if

u(t, ) = /Rd p(t, z,y) f(y)dy.

is the solution to
Lu =0, u(0,z)= f(z).
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Heat Kernel estimates

Analytic point of view

p(t, z,y) is called the heat kernel for L if

u(t, ) = /Rd p(t, z,y) f(y)dy.

is the solution to
Lu = 0w, u(0,z)= f(x).

Probabilistic point of view

p(t, z,y) is the transition density function of X. i.e.,

P (X: € A) = / p(t, z,y)dy.
A
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Introduction Symmetric Hunt processes
Stable-like processes

What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Thus obtaining sharp two-sided estimates for p(¢, z, y) is a fundamental
problem in both analysis and probability theory.
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What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Thus obtaining sharp two-sided estimates for p(¢, z, y) is a fundamental
problem in both analysis and probability theory.

Two-sided heat kernel estimates for diffusions in R? have a long history and
many beautiful results have been established. Among the main contributors
are: D. G. Aronson, E. B. Davies, J. Nash.
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Thus obtaining sharp two-sided estimates for p(¢, z, y) is a fundamental
problem in both analysis and probability theory.

Two-sided heat kernel estimates for diffusions in R? have a long history and
many beautiful results have been established. Among the main contributors
are: D. G. Aronson, E. B. Davies, J. Nash.

What is the general form of Heat kernel estimates for diffusions?
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Introduction Symmetric Hunt processes
Stable-like processes

What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Thus obtaining sharp two-sided estimates for p(¢, z, y) is a fundamental
problem in both analysis and probability theory.

Two-sided heat kernel estimates for diffusions in R? have a long history and
many beautiful results have been established. Among the main contributors
are: D. G. Aronson, E. B. Davies, J. Nash.

What is the general form of Heat kernel estimates for diffusions?

If p(t, z,y) is a heat kernel for uniformly elliptic differential operator, then
p(t, z,y) enjoys

Gaussian estimates

2 2
Clt_d/26—02\m—y| /t < p(t,m,y) < Cgt_d/Qe_C‘le_y‘ /t.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

History on Heat Kernel estimate for discontinuous Markov
processes

While the heat kernel for diffusion process had been studied for more than a
century, the heat kernel estimates for the discontinuous Markov process X
(equivalently, for the non-local operator £) have only been studied since
around 2000.
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History on Heat Kernel estimate for discontinuous Markov
processes

While the heat kernel for diffusion process had been studied for more than a
century, the heat kernel estimates for the discontinuous Markov process X
(equivalently, for the non-local operator £) have only been studied since
around 2000.

After pioneering works by Kolokoltsov (00), Bass & Levin (02), Chen &
Kumagai (03), obtaining sharp two-sided estimates of heat kernels for various
classes of discontinuous Markov processes becomes one of the most active
topics in modern probability theory.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

History on HKE for discontinuous Markov processes

Chen & Kumagai (03, 08) : stalbe-like/mixed on metric measure space

Bogdan & Jakubowski (07) : A% + B -V

Song & Vondragek (07) : A% + A

Chen, K & Kumagai (08) : Finite range process

Chen & Kumagai (10) : Diffusion with jump

Sztonyk (10, 11) : Stable and tempered stable Lévy process

Chen, K & Kumagai (11) : J(z,y) = e~ =¥/ | — y| 79—

Grigor’yan, Hu & Lau (14), Grigor'yan, Hu & Hu (17. 18+) : Analytic

approach

Bogdan, Grzywny &Ryznar (14) : Unimodal Lévy prcoess

Sztonyk (13), Kateta & Sztonyk (13): derivatives Estimates

@ Chen-Zhang (16—18+), Chen,Hu,Xie & Zhang (17) , K, Song &
Vondracek (17), Kulczycki & Ryznar (17+), K & Lee (18+) :
Non-symmetric Process

@ Chen, Kumagai & Wang (16a,16b): Stability of Heat Kernel estimate

@ Murugan & Saloff-Coste (15, 18+): Long range random walks.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Stable-like processes (Chen-Kumagai, 03)

For 0 < a < 2, define
J(@,y) = c(z,y)|z —y| """

where c(z, y) is a symmetric function on R¢ x R? that is bounded between
two strictly positive constants, that is,

¢t <e(zy) <c for -a.e. z,y € R%.
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Stable-like processes (Chen-Kumagai, 03)

For 0 < a < 2, define
J(@,y) = c(z,y)|z —y| """

where c(z, y) is a symmetric function on R¢ x R? that is bounded between
two strictly positive constants, that is,

¢t <e(zy) <c for -a.e. z,y € R%.

The corresponding process is called a a-stable-like process on R9.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Stable-like processes (Chen-Kumagai, 03)

For 0 < a < 2, define

J(x,y) = c(z, y)|z —y| "

where c(z, y) is a symmetric function on R¢ x R? that is bounded between
two strictly positive constants, that is,

¢t <e(zy) <c for -a.e. z,y € R%.

The corresponding process is called a a-stable-like process on R9.

Chen-Kumagai, 03

t

—d/a
t =t N ——
p( ,x,y) |:c—y\d+°‘

forall 2,y € R* and t > 0.
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Heavy Tail
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General form of HKE?

What is the general form of Heat kernel estimates for pure-jump processes?
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

General form of HKE?

What is the general form of Heat kernel estimates for pure-jump processes?

Suppose
¢t c
= < J(z,y) < —
|z —yl'®(jz —yl) — (=:9) [z —y|*®(|lz —y])

where @ is a non-decreasing function on [0, co) satisfying

:mye]Rd, (1.1)

c1(R/T)* < ®(R)/®(r) < c2(R/T)™, 0<r<R<o00 (1.2)

with a1, a2 € (0, 2).
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General form of HKE?

What is the general form of Heat kernel estimates for pure-jump processes?

Suppose

—1

C d
¢ < <__° R 1.1
Tyt —g) <T@V S Ty gy WYER (D

where @ is a non-decreasing function on [0, co) satisfying

C

c1(R/T)* < ®(R)/®(r) < c2(R/T)™, 0<r<R<o00 (1.2)

with a1, a2 € (0, 2).
Under the assumptions (1.1) and (1.2), p(¢, x, y) enjoys the following
estimates.

Chen-Kumagai, 08

p(t,z,y) < @) I AtI(z,y), =z,yeR%t>0.
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Bogdan, Grzywny & Ryznar (14)

X is an isotropic unimodal pure-jump Lévy process in R?, i.e., the Lévy
measure of X has a decreasing density J(r) and the characteristic exponent
of X is

g9(l¢) = /Rd(l —cos(§ - y))J (lyl)dy.
Let g(r) = sup, <, g(|z|) and assume
c1(R/r)* < g(R)/g(r) < ca(R/r)*?, 0<r<R<o00
with a1, s € (0,2).
Let &(r) = 1/g(r~"). Then

1

— a—1l/,\—d [
p(t, ) < &7 (1)~ A |z[4®(|z[)

W and J(I.’E|) =

forallz e R and ¢ > 0.
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Remark

_ _ t
pt, o, y) <d )N ——
(b y) = 0N e e )
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Remark

t
|z —yl*®(le —yl)
In both cases, we observe that the function ®, which appears in the jumping
kernel estimates, is the scale function, i.e., |z — y| = ®(t) provides the
borderline for p(t, z, y) to have either near-diagonal estimates ®~*(t)~% or

off-diagonal estimates —— X =< tJ(x,y).
9 o=yl —yy Y

pt,z,y) = &' (t) "4 A
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Remark

_ _ t
pt, o, y) <d )N ——
(b y) = 0N e e )

In both cases, we observe that the function ®, which appears in the jumping
kernel estimates, is the scale function, i.e., |z — y| = ®(t) provides the
borderline for p(t, z, y) to have either near-diagonal estimates ®~*(t)~% or

off-diagonal estimates = tJ(z,y).

|z — y|?®(lz — y|)
Moreover, it is not difficult to show from the estimates that
c'O(r) < Eflrpy] < e®(r) forall z e RY 7 >0,

where 14 is the first exit time from A for the process X.
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Remark

t
|z —y|?®(|z —yl)
In both cases, we observe that the function ®, which appears in the jumping

kernel estimates, is the scale function, i.e., |z — y| = ®(t) provides the
borderline for p(t, z, y) to have either near-diagonal estimates ®~*(t)~% or

=tJ(x,y).

pt,z,y) = &' (t) "4 A

off-diagonal estimates —
9 o — y4®(z — )

Moreover, it is not difficult to show from the estimates that
cflé(r) <E*[rpeem) < c®(r) forall z e R, r >0,

where 14 is the first exit time from A for the process X.
Thus,

—1
=, forallr >0andz,y,2 € R? with |z—y| = 7.

¢
J(x,y)r

Ty = ool
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

We investigate the estimates of transition densities of pure-jump symmetric
Markov processes in R?, whose jumping kernels with general mixed

polynomial growths, i.e.,
c ! c d
——— < J(,y) L ———————, =,y €RY
R R B P () R
and
c(R/r)™ < O(R)/(r) < ca(R/r)*, 0<r <R <oo

with a1, a2 € (0, 00).
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

We investigate the estimates of transition densities of pure-jump symmetric
Markov processes in R?, whose jumping kernels with general mixed
polynomial growths, i.e.,

¢! c

T — oddoh (1 — ) J T ddadlla N ) Rda
T gz —g) = OV S e = 0 ™Y S
and

e (B/r)™ < B(R)/0(r) < ca(RJT)™, 0< 1< R< o0

with a1, a2 € (0, 00).
As a corollary of the main result, we have the global sharp two-sided
estimates when « is greater than 1.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

We investigate the estimates of transition densities of pure-jump symmetric
Markov processes in R?, whose jumping kernels with general mixed
polynomial growths, i.e.,

071

lz =yl (lz —yl)

c d
<Jz,y) L +—FFF7——, T,y ERY
<T@ S = Y
and

a(R/m)* <P(R)/d(r) < c2(R/r)*?, 0<r<R<oo
with a1, a2 € (0, 00).
As a corollary of the main result, we have the global sharp two-sided
estimates when «; is greater than 1.
1) may not be the scale function for the heat kernel in general.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

We investigate the estimates of transition densities of pure-jump symmetric
Markov processes in R?, whose jumping kernels with general mixed
polynomial growths, i.e.,

¢! c

— < Jer,y) < —m——— |, 7x, GRd,
T —ya(e—g) =Y S e gy ™Y

and

c1(R/r)* < Y(R)/Y(r) < ca(R/r)*?, 0<r<R< oo
with a1, a2 € (0, 00).
As a corollary of the main result, we have the global sharp two-sided
estimates when «; is greater than 1.
1) may not be the scale function for the heat kernel in general.
In our settings, we only have

E*[7B(z,m)] 2 W7 forallr > 0and z,y, z € R? with |z — y| = r.
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Ee %t = ¢ 1),
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Ee %t = ¢ 1),

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a
non-negative C'* (0, co) function such that (—1)"¢™ < 0 forall n € N.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Eefksf, _ e*t¢>(>\) .

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a
non-negative C'* (0, co) function such that (—1)"¢™ < 0 forall n € N.
Laplace exponent ¢ has a representation

¢(A):bA+/OO(1— e u(dt),

where b > 0 is called the drift, and u(dt) is a measure satisfying
J5T (L At)u(dt) < oo, which is called the Lévy measure of ¢.

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Eefksf, _ e*t¢(>\).
Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a

non-negative C'* (0, co) function such that (—1)"¢™ < 0 forall n € N.
Laplace exponent ¢ has a representation

¢(A):bA+/OO(1— e u(dt),

where b > 0 is called the drift, and p(dt) is a measure satisfying
J5T (L At)u(dt) < oo, which is called the Lévy measure of ¢.
(Schilling, Song & Vondracéek, Bernstein functions, 2nd ed., 2012)
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Eefksf, _ e*t¢>(>\) .

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a
non-negative C'* (0, co) function such that (—1)"¢™ < 0 forall n € N.
Laplace exponent ¢ has a representation

¢(A):bA+/OO(1— e u(dt),

where b > 0 is called the drift, and p(dt) is a measure satisfying

J5T (L At)u(dt) < oo, which is called the Lévy measure of ¢.

(Schilling, Song & Vondracéek, Bernstein functions, 2nd ed., 2012)

The subordinate Brownian motion X = (X);>¢ is defined by X, = Ws,.
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Subordinate Brownian motion

Let W = (W;) be a Brownian motion in R% and
S = (S:) be an independent subordinator with Laplace exponent ¢. i.e.,

Eefksf, _ e*t¢>(>\) .

Laplace exponent ¢ belongs to the class of Bernstein functions, i.e. ¢ is a
non-negative C'* (0, co) function such that (—1)"¢™ < 0 forall n € N.
Laplace exponent ¢ has a representation

¢(A):bA+/OO(1— e u(dt),

where b > 0 is called the drift, and p(dt) is a measure satisfying

J5T (L At)u(dt) < oo, which is called the Lévy measure of ¢.

(Schilling, Song & Vondracéek, Bernstein functions, 2nd ed., 2012)

The subordinate Brownian motion X = (X);>¢ is defined by X, = Ws,.
The characteristic exponent of subordinate Brownian motion is

V(€)= o(|€*).
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Heat kernel estimates for Subordinate Brownian motion under
weak scaling condition on ¢

Suppose ¢ is a Bernstein function satisfying the following weak scaling
condition: There exist a1, a2 > 0 and 41,2 € (0, 2) satisfying

a N 2p(t) < p(M) < aaX®2/2p(t),  A>1,t>0.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Heat kernel estimates for Subordinate Brownian motion under
weak scaling condition on ¢

Suppose ¢ is a Bernstein function satisfying the following weak scaling
condition: There exist a1, a2 > 0 and 41,2 € (0, 2) satisfying

a X 2(t) < p(M) < asdPPH(t),  A>1,t>0.
Let ®(r) = 1/¢(r ).

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Heat kernel estimates for Subordinate Brownian motion under
weak scaling condition on ¢

Suppose ¢ is a Bernstein function satisfying the following weak scaling
condition: There exist a1, a2 > 0 and 41,2 € (0, 2) satisfying

a N 2p(t) < p(M) < aaX®2/2p(t),  A>1,t>0.
Let &(r) = 1/¢(r2).
Recall that the Lévy density J(z) of the corresponding subordinate Brownian
motion has the following estimates:

T(@) = lal~*0(1a|™*) = g,
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Introduction Symmetric Hunt processes
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What is the general form of Heat kernel estimates ?
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Heat kernel estimates for Subordinate Brownian motion under
weak scaling condition on ¢

Suppose ¢ is a Bernstein function satisfying the following weak scaling
condition: There exist a1, a2 > 0 and 41,2 € (0, 2) satisfying

a1 2¢(t) < (M) < aaX22p(t), A >1,t>0.

Let &(r) = 1/¢(r2).
Recall that the Lévy density J(z) of the corresponding subordinate Brownian
motion has the following estimates:

1
|z ®(|])’
and the transition density p(t, z) of the corresponding subordinate Brownian
motion has the following estimates:

J(2) < |z| ™ (|| ) =

1, _ _ _ _ t
p(t,x x¢1t1d/2Atx dqﬁx H=d ') A .
(t,2) = 7 ()2 A tlel 0l = @7 O A g
(Chen & Kumgagai (08), K., Song & Vondracek(12), Bogdan, Grzywny &

Ryznar (14))
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Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?

Subordinate Brownian motion

Introduction

ta
¢—1 (t—l)d/Q _ CID_I (t)—d
. t
5 tlz| "o (|z|72) =
A1) = L
P - )
|z|
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Introduction Symmetric Hunt processes
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Subordinate Brownian motion

Brownian-like jump process (small jumps with high intensity):
Mimica(16)

Consider a Bernstein function

A
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Brownian-like jump process (small jumps with high intensity):
Mimica(16)

Consider a Bernstein function

A

Then ¢ varies regularly at co with index 1 (lim;—co @(t\)/@(t) = A).
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Brownian-like jump process (small jumps with high intensity):
Mimica(16)

Consider a Bernstein function

A

Then ¢ varies regularly at co with index 1 (lim;—co @(t\)/@(t) = A).
We have

M2 0< A< 2
H(\) :=¢p(\) — X' (V) <
() = 6(3) = 26’ () { N

(log N)?2
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Brownian-like jump process (small jumps with high intensity):
Mimica(16)

Consider a Bernstein function

A

Then ¢ varies regularly at co with index 1 (lim;—co @(t\)/@(t) = A).
We have

A
(log N)?2 A > 2.

{)\13/2 0<A<?2

Thus 50
700 = log(A), A oco.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Brownian-like jump process (small jumps with high intensity):
Mimica(16)

Consider a Bernstein function

A

Then ¢ varies regularly at co with index 1 (lim;—co @(t\)/@(t) = A).
We have

, AMB2 0< A <2
H(Q) = ¢(A) — A/ (\) = {H .
Thus 60\
7o) = log(A), Al oo.
The function H()\) = ¢(\) — MA@’ ()\) appeared in Jain & Pruitt (87) to study
asymptotic properties of tail probabilities of subordinators.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

HKE for Subordinate Brownian motion, Mimica(16)

H(X) := ¢(A) = A¢'(N)
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

HKE for Subordinate Brownian motion, Mimica(16)

H(X) := ¢(A) = A¢'(N)

Suppose that ¢ has no drift and that
aXVPH() < H) < a)®??H(t),  A>1,t>0 (ort>1),

with 61,82 € (0,4)

Then the transition density p(¢, z) of X is comparable to

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

HKE for Subordinate Brownian motion, Mimica(16)

ta

d)_l(t_l)d/Q }.’071<t—1)(1/2 CXp(fa\x\ng*l(t’l)) ‘

“(p(l27*) -

ta|”
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Return to Example: Brownian-like jump process (small jumps with
high intensity)

A
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Return to Example: Brownian-like jump process (small jumps with
high intensity)

A
2
- ATF L 0<A<2 AT o< <2
s 1<A>x{ ¢<A>A¢'<A>x{ LT
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Return to Example: Brownian-like jump process (small jumps with
high intensity)

A
2
- ATF L 0<A<2 AP0 <a <2
¢ (V) = { P(N)—A¢'(N) = { \

fo<t<1/2and0 < |z| < 1/2,

—a/2 1 —d/2 t —d/2 1 —d/2 | 2 1
p(t7 .T) <log ) A W +t (10g ) exp ( ai 10g >

where a = ar, or a = ay depending whether we consider lower or upper
bound.
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Introduction Symmetric Hunt processes
Stable-like processes
What is the general form of Heat kernel estimates ?
Subordinate Brownian motion

Return to Example: Brownian-like jump process (small jumps with
high intensity)

A
2
- ATF L 0<A<2 AT o< <2
s 1<A>x{ ¢<A>A¢'<A>x{ LT

fo<t<1/2and0 < |z| < 1/2,

—a/2 1 —d/2 t —d/2 1 —d/2 | 2 1
p(t7 .T) <log ) A W +t (10g ) exp ( ai 10g >

where a = ar, or a = ay depending whether we consider lower or upper

bound.
Fort¢ > 1/2 and |z| > 1/2 we get stable-like estimates

— —/(2=8) t
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Weak scaling condition

Let g : (0,00) — (0,00), and a € (0,00], B1,82 > 0,and 0 < Cr <1< Cy.
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Weak scaling condition

Let g : (0,00) — (0,00), and a € (0,00], B1,82 > 0,and 0 < Cr <1< Cy.
(1) Fora € (0,00), we say that g satisfies L, (8:,CL) (resp. L*(51,CL)) if
g(R)
g(r)

We also say that g satisfies the weak lower scaling condition near 0
(resp. near oo) with index .

R B1
>CL <7> forall r<R<a(resp.a<r<R).
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Weak scaling condition

Let g : (0,00) — (0,00), and a € (0,00], B1,82 > 0,and 0 < Cr <1< Cy.
(1) Fora € (0,00), we say that g satisfies L, (8:,CL) (resp. L*(51,CL)) if

B1
9(R) >0 <§> forall r<R<al(resp.a<r<R).
g(r) r

We also say that g satisfies the weak lower scaling condition near 0
(resp. near oo) with index .
(2) We say that g satisfies U, (32, Cvr)(resp. U (2, Cu ) if
9(R)
g(r)

We also say that g satisfies the weak upper scaling condition near
0(resp. near oo) with index fz.

R B2
< Cy (7) forall »<R<a(resp.a<r<R).
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Weak scaling condition

Let g : (0,00) — (0,00), and a € (0,00], B1,82 > 0,and 0 < Cr <1< Cy.
(1) Fora € (0,00), we say that g satisfies L, (8:,CL) (resp. L*(51,CL)) if

B1
9(R) >0 <§> forall r<R<al(resp.a<r<R).
g(r) r

We also say that g satisfies the weak lower scaling condition near 0
(resp. near oo) with index .
(2) We say that g satisfies U, (82, Cv)(resp. U? (32, Cv) if

B2
9(R) <Cu (E) forall r<R<al(resp.a<r<R).
g(r) r

We also say that g satisfies the weak upper scaling condition near
0(resp. near oo) with index fz.

(3) When g satisfies U, (3, Cv) (resp. Lo (3, Cv)) with a = oo, then we say
that g satisfies the global weak upper scaling condition U (3, C) (resp.
the global weak lower scaling condition L(5,C).)
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Regular variation

For given function f : (0,00) — (0, c0), we say that f varies regularly at 0
(resp. at co) with index &g € [0, c0) if

fO2) _ s o 0D s,
lim @) = (resp.zlHoo @ %)

forany A > 0.
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Regular variation

For given function f : (0,00) — (0, c0), we say that f varies regularly at 0
(resp. at co) with index &g € [0, c0) if

fO2) _ s o 0D s,
lim @) = (re:sp.zlHoo @ %)

forany A > 0.

Note that if f is non-increasing and is regularly varying at 0 (resp. at oco) with
index &g, then forany a > 0and 0 < § < § < 6, there is Cyr, Cr, > 0 such that
f satisfies both U, (8, Cry) and L (8, Cr) (resp. U%(8, Cy) and L*(8, Cr)).
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Throughout this talk, we will assume that 31, 82 > 0 and that
1 : (0,00) — (0, 00) is a non-decreasing function satisfying L(/51, Cr),
U(ﬁz, Cv), and

/U T“) ds < ec. (2.1)
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Throughout this talk, we will assume that 31, 82 > 0 and that
1 : (0,00) — (0, 00) is a non-decreasing function satisfying L(/51, Cr),
U(ﬁz, Cv), and

/0 T“) ds < oc. (2.1)

Let J : R? x R?\ {z =y} — [0, 00) be a symmetric function satisfying

c! C d d .
- <J < R® x R"\ d
Tz g = OV S e gy Y SR \(;“5)

for some C' > 1.
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Throughout this talk, we will assume that 31, 82 > 0 and that
1 : (0,00) — (0, 00) is a non-decreasing function satisfying L(/51, Cr),
U(ﬁz, Cv), and

/0 T“) ds < oc. (2.1)

Let J : R? x R?\ {z =y} — [0, 00) be a symmetric function satisfying

c! c

—— < J < -z RY % R\ di
|z —yld(lz —y|) — (@y) < [z — g% (jz — y|)’ (z,y) € X \ diag

(2.2)
for some C > 1.

Note that (2.1) combined with (2.2) and L(31,CL) on ¢ is a natural
assumption to ensure that

:;@/Rd (\mfy|2/\1)J(m,y)dy§c(/ol%Jr/lm%(ss)) < oo. (2.3)

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Weak scaling condition
Setup and Main results Scale function
Main results
Khintchine-type law of iterated logarithm

Scale function

We define our scale function as

d(r) :=
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Scale function

We define our scale function as
2

®(r) == ——5—-
2f0 m ds

Note that, if H()) := ¢(\) — A¢’(A), then

/OsH / ll %/TZ(@)’M:?MW).
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Scale function

We define our scale function as
2

®(r) == ——5—-
2f0 m ds

Note that, if H()) := ¢(\) — A¢’(A), then

[t as=1 [T BB a =1 [ Ay = o),

In general, the function @ is less than or equal to 1. However, these functions
may not be comparable unless 8> < 2 where g is the index in the weak
upper scaling condition on .
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Remarks on ¢ and ¢
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Setup and Main results

Remarks on ¢ and ¢

2

r
@(T’) = ST s g
2[0 mds

If ¢ satisfies L,(51,Cr) and Uq (B2, Cv ), then & satisfies L,(51,Cr) and
Ua(ﬁQ A 27 CU)
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Remarks on ¢ and v

2
@(T’) = ST s g
2[0 st

If ¢ satisfies L,(51,Cr) and Uq (B2, Cv ), then & satisfies L,(51,Cr) and
Ua(ﬂQ A2, CU)

Suppose that v varies regularly at co with index do > 2. Then
L PN
dm oy =

and this implies that ® varies regularly at co with index 2.
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Theorem 1.

There is a conservative Feller process X = (X;,P*,z € R% ¢ > 0)
associated with (£, F) that starts every point in R%. Moreover, X has a
continuous transition density function p(t, z, ) on (0,00) x R* x R¢, with the
following estimates: there exist arr, C' > 0 such that

pm 050 (70N (G ++ 0 "o (5) )
and
#6220 (0707 A ey )

In particular, if (r) < ®(r) for all large » > 1, then for ¢t > 1

t

o =1l —d
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ta p(taxay) < _-:

|z -yl
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Corollary

Let -
Gla,y) = / p(t, 2, y)dt
(0]

be the Green function for X.
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Corollary

Let -
Gla,y) = / p(t, 2, y)dt
(0]

be the Green function for X.
Suppose that d > 3> A 2 where 3; is the index in the weak upper scaling
condition U(Ba, Cy) on 1. Then there exists ¢ > 1 such that for any z,y € R?,

¢ (|l — yl)le -y 7! < Gla,y) < c@(le —yl)|z —y| ™"
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Corollary

Let -
Gla,y) = / p(t, 2, y)dt
(0]

be the Green function for X.

Suppose that d > 3> A 2 where 3; is the index in the weak upper scaling
condition U(Ba, Cy) on 1. Then there exists ¢ > 1 such that for any z,y € R?,

¢ (|l — yl)le -y 7! < Gla,y) < c@(le —yl)|z —y| ™"

lfd>3and [ 79y ds < oo, then

Mo —y|""? < G(z,y) <clz -y, Jr -yl > 1
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Theorem 2(1)

Let
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Theorem 2(1)

Let

Assume that ® satisfies L (5, C1.) with § > 1. Then for any T > 0, we have
that for every 2,y e R and t < T,

P DA I S S S Y S SR < Ak '| N
p(t, @, y)=27(1) A(\m—yww(u—yn”’ ) ep( %1(1%/'5“‘%’2')),)'

Moreover, if a = oo, then (2.4) holds for all t < oco.
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Theorem 2(1)

Let

Assume that ® satisfies L (5, C1.) with § > 1. Then for any T > 0, we have
that for every 2,y e R and t < T,

P DA I S S S Y S SR < Ak '| N
p(t, @, y)=27(1) A(\m—yww(u—yn”’ ) ep( %1(1%/'5“‘%’2')),)'

Moreover, if a = oo, then (2.4) holds for all t < oco.

If ¢ satisfies Lo (81, CL), then @ satisfies L,(81,CL).
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Setup and Main results

clz —y|

t<Ta p(t,z,y) <
': —1 —d
O (1) “exp—

t
“p(lz —y

)

lz —y
N
?
|z —yl
jump processes with general mixed

Heat kernel estimates for symme
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Theorem 2(2)

Let

sup % if s > a,
Hoo(8) = Hoo,a(s) = { asb<s b
a'®(a)s fO<s<a.

Note that 7o (s) < s for s > 1if [° Ty ds < o0,
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Theorem 2(2)

Let
®(b)

sup ——= ifs>a,
Hoo(8) = Hoo,a(s) = { a<d<s
a '®(a)s if0<s<a.

Note that 7o (s) < s for s > 1if [° Ty ds < o0,

Assume that & satisfies L%(5, C1) with § > 1. Then for every z,y € R? and
t>T,

PN I S P < _M
N == R e ) )
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t>Ta p(t,z,y) <

z —y]

/ 1 —d <xp — [ —
(1) “exp H (t/lx = yl)
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Corollary: when r — ®(r~'/2)~! is a Bernstein function

Assume that & satisfies L, (5,CL) some a > 0 and § > 1, and

r— ®(r~Y/2)~! is a Bernstein function. Then, for any T' > 0, there exist
positive constants ¢ > 1 and ay < ar, such that for all

(t,x,y) € (0,T) x R* x R?,

¢! <<I>*1(t)*d A <m + @71 () “exp (—aL Qﬁ;ﬁ’j@))

<p(t,z,y) <

c (@’1(26)"1 A (m + & (1) Yexp (—aU q'ji?(ﬂ;))) .
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Corollary: when r — ®(r~'/2)~! is a Bernstein function

Assume that & satisfies L, (5,CL) some a > 0 and § > 1, and

r— ®(r~Y/2)~! is a Bernstein function. Then, for any T' > 0, there exist
positive constants ¢ > 1 and ay < ar, such that for all

(t,x,y) € (0,T) x R* x R?,

! <<1>71(t)*d A (m + &1 (t) exp (—aL ﬁ:ﬂ;)))
<pt,z,y) <

c (@’1(26)"1 A (m + & (1) Yexp (—aU q'ji?(ﬂ;))) .

Moreover, if ® satisfies L(d, C) with § > 1, the estimates holds for all
t € (0,00).
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Finite second moment condition

These are all equivalent:

sup (or inf ) /d J(z,y)|z — y|Pdy < oo
R

z€RA zERE

<o)< e, r>1;

> sds

o W(s)

< 00;

sup E.[|X: — z|*] < o0;  forall ¢ > 0;
zERE

and

inf E.[|X: —z’] <oo forsome t > 0.
z€ERA
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Khintchine-type law of iterated logarithm

The finite second moment condition is equivalent to the Khintchine-type law
of iterated logarithm at the infinity.
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Khintchine-type law of iterated logarithm

The finite second moment condition is equivalent to the Khintchine-type law
of iterated logarithm at the infinity.

(1[5 % < oo, then there exists a constant ¢ € (0, oo) such that for all
z € RY,

X, —
lim sup | X: — o =c for P* —ae.

t—oo (tloglogt)l/2
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Khintchine-type law of iterated logarithm

The finite second moment condition is equivalent to the Khintchine-type law
of iterated logarithm at the infinity.

(1[5 % < oo, then there exists a constant ¢ € (0, oo) such that for all
z € RY,

X, —
lim sup | X: — o =c for P* —ae.

t—oo (tloglogt)l/2

(2) If [57 385 = oo, then for all = € RY,

X, —
lim sup [ X — 2 =oo for P* —a.e.

t—oo  (tloglogt)l/2
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Khintchine-type law of iterated logarithm

The finite second moment condition is equivalent to the Khintchine-type law
of iterated logarithm at the infinity.

1) If [*° =245 < oo, then there exists a constant ¢ € (0, oo) such that for all
dO p(s)
x € R%,
limsup —t =2
t—oo (tloglogt)l/2

(2) If [57 385 = oo, then for all = € RY,

=c for P* —a.e.

im sup

—_— = for P* —a.e.
t—oo  (tloglogt)l/2 o

Gnedenko proved this result for the Lévy process in 1943 (see also
Proposition 48.9 in Sato). The equivalence between the law of iterated
logarithm and the finite second moment condition for the non-Lévy process
has been a long standing open problem (see Shiozawa & Wang 2017 and
references therein for previous works).
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Remarks on proofs

In Chen, Kumagai & Wang (2016a+), the authors considered heat kernel
estimates for mixed-type symmetric jump processes of on metric measure
spaces under a general volume doubling condition.
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Remarks on proofs

In Chen, Kumagai & Wang (2016a+), the authors considered heat kernel
estimates for mixed-type symmetric jump processes of on metric measure
spaces under a general volume doubling condition.

Using variants of cut-off Sobolev inequalities and the Faber-Krahn
inequalities, they established stability of heat kernel estimates. In particular,
they have established heat kernel estimates for a-stable-like processes even
with o > 2 when the underlying spaces have walk dimensions larger than 2.
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Remarks on proofs

In Chen, Kumagai & Wang (2016a+), the authors considered heat kernel
estimates for mixed-type symmetric jump processes of on metric measure
spaces under a general volume doubling condition.

Using variants of cut-off Sobolev inequalities and the Faber-Krahn
inequalities, they established stability of heat kernel estimates. In particular,
they have established heat kernel estimates for a-stable-like processes even
with o > 2 when the underlying spaces have walk dimensions larger than 2.

Note that Euclidean space has the walk dimension 2; thus, the results in
Chen, Kumagai & Wang (2016a+) does not cover our results.
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Remarks on proofs

By contrast, results under the upper bound of Jumping kernels
(J(z,y) < clz —y|~*®(|z — y|)~*) in Chen, Kumagai & Wang (2016a+) and
Chen, Kumagai & Wang (2016b+), are applicable to our study.
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Remarks on proofs

By contrast, results under the upper bound of Jumping kernels
(J(z,y) < clz —y|~*®(|z — y|)~*) in Chen, Kumagai & Wang (2016a+) and
Chen, Kumagai & Wang (2016b+), are applicable to our study.

There exists a constant C' > 0 such that for any ¢ > 0 and =,y € R,

1 t
p(t,z,y) <C (qu(t)d "z —ye - y|d>

We show the above rough upper bound, which enable us to use several main
results in Chen, Kumagai & Wang (2016a+) and Chen, Kumagai & Wang
(2016b+) to show parabolic Harnack inequality and the near-diagonal lower
bound of p(t, z,y).

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Finite second moments
v is regularly varying with the index 2.
Examples

Finite second moments

If X has the finite second moments, then 7., (r) < r for r > 1.
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Finite second moments
v is regularly varying with the index 2.
Examples

Finite second moments

If X has the finite second moments, then 7., (r) < r for r > 1.

Thus, fort > 1,
et (f'j/2 A (tJ(:v,y) +t™ % exp (- 02%)))

<pt,z,y)<ec (t*d/2 A (tJ(x,y) +t~ 2 exp (- 03%))) :
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Finite second moments
1) is regularly varying with the index 2.

Examples

Suppose « > 1 and

W) = A2(1og§)a, 0<A<1/2,
that is, )
J(z,y) =< , -y < 1/2.
(z9) |z — y|?+2(log 1) o=yl <1/
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Finite second moments
1) is regularly varying with the index 2.

Examples

Suppose « > 1 and

W) = A2(1og§)a, 0<A<1/2,

that is,
1

|z —y|4+2(log )

J(z,y) <

|z —y| < 1/2.

Then, fort < 1/2and |z — y| < 1/2,

(log1) T A
g

d
2

p(t,z,y) <t~
d(a—1)

(log1) 2 exp (—azlz,ﬁyQ(logi)a1>>.

vl

t _
+t
<|'T — y|4+2(log |Iiy‘ )
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Finite second moments
1) is regularly varying with the index 2.

Examples

Suppose « > 1 and

P(A) =< X2 (log )\)(loglog i)a, 0< A< 1/16.

that is,
1
J(z,y) < . |z —yl < 1/16.
|z — y|4+2(log ;1) (log log 1-57)
Then, for t < 1/16,
( ) a2 (1 | 1) d(a;l) t
p(t,z,y) <t oglog < /\(
t o — ]2 (log ;2.)(loglog ;2)°

—d/2 da=1) le—y|? 1ya—1
+t (loglog1) 2 exp (—%(loglog;) )>
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Finite second moments
1) is regularly varying with the index 2.

Examples

Suppose § € R and that ¢(r) < r?(logr)?, r > 16, that is,
1

J(m,y)x|$_y|d+2( |z — y| > 16.

log |z — y[)#’
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Finite second moments
1) is regularly varying with the index 2.

Examples

Suppose § € R and that ¢(r) < r?(logr)?, r > 16, that is,

1
J(z r —y| > 16.
@) = T og e — g =Y
Then for ¢ > 16,
() < 1;
d(1-8)
plta,y) = Y2 (logt)" " 2
t —d/2 d(1-8) a1le—y|
sttt T e () ).
(i) 5 = 1;

p(t,z,y) < t~*(loglogt) */*

t —d/2 —d/2 ( a |zfy\2)
t loglogt —2z2
(s ¢ ostost) ™o (<) ).
(ii) B8 > 1;
t _ r—yl2
=t d/2 t d/2 (_ lz—y| ) .
p(t,x,y) <|ac [ 2 (log(1 + [z — ¢]))? + exp | —az——

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed




Finite second moments
1) is regularly varying with the index 2.

Examples

Thank you!
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Finite second moments
1) is regularly varying with the index 2.
Examples

Main Lemma

Let f: R4 x Ry — R, be a measurable function satisfying that ¢ — f(r,t) is
non-increasing for all » > 0 and that » — f(r, ¢) is non-decreasing for all
t > 0. Fix T' € (0, oo]. Suppose that the following hold:

(i) Foreach b >0, sup,., f(b® ' (t),t) < oo (resp.,
sup;>p f(b@ 7 (t),1) < 00);
(ii) there exist n € (0, 81], a1 > 0 and ¢1 > 0 such that

/ p(t, =, y)dy < 61<L(t))n+01 eXp(—alf(T,t))
B(z,r)¢

p=
forallt € (0,T) (resp. t € [T, 00)) and any > 0, z € R%.
Then, there exist constants &, co > 0 such that

Cot
lz — yl*P (e —yl)

forallt € (0,T) (resp. t € [T, 0)) and =,y € R%.

p(t,@,y) < + 0 &7 (6) " exp  — aakf (12 — yl/(16K),1))



Finite second moments
1) is regularly varying with the index 2.

Examples

There exist constants a;,C > 0 and N € N such that

Ct — =G ai|r — y|1/N
plt,z,y) < ———————— + Cd (¢t exp(—i ,
R P A () 2 1)
forallt > 0 and z,y € R%.
There exist constants a1, C > 0 such that
Ct 1 —d ailz —y)?
plt,x,y) L ——————— + Cd (¢ exp(fi ,
) P 7 () © 2-1(1)2

forallt > 0 and z,y € R%.
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Finite second moments
1) is regularly varying with the index 2.

Examples

aylr —y ‘I/N
T 9 1(75)1/N

p(t,z,y) <

ta

e ')~

t
“p(lz —y

S

)

lz —y
|z —y|

jump processes with general mixed

Heat kernel estimates for symme

Kim, Panki (2 Z7])




Finite second moments
1) is regularly varying with the index 2.

Examples

ta p(t,x,y) S ®7l(t) < |J$ _ y| S q)fl(t)lJrG/w:l(t)G

+ .: —1 —d 7aL,\r7y\2 ."'
emeta—en 2 () CXP( <I>*‘<r>2) :

|z -yl
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econd moments

1) is regularly varying with the index 2.

Examples
Recall our notations:

d(b) ~ ®(b
#() =sup 2, (1) = L pcreny + 2Oy, Haols) = sup T,

(1) Assume that & satisfies L, (5, Cr.) with § > 1. Then for any T' > 0, there
exist constants ay > 0 and ¢ > 0 such that for every z,y € R and ¢ < T,

et e tex _M>
p(t,x,y)ﬁ‘x_y|dw(|m_y|)+c¢> (t) ep( )gffl(t/|x—y\)(4%

Moreover, if  satisfies L(9, 5L), then (4.1) holds for all ¢ < co.

(2) Assume that & satisfies L (4, 5L) with § > 1. Then for any T' > 0, there

exist constants aj; > 0 and ¢’ > 0 such that for every z,y € R% and
t>1T,

C/t o= =1 —d a/U|"E_y|
p(t,2,y) < ——— "+ T2 eXp<—,—>-
R Py o (ryy ®) o ({17 — )
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Finite second moments
1) is regularly varying with the index 2.

Examples

t< Ta p(t,x,y) S ®7l(t) < |J$ _ y| S q)fl(t)lJrG/w:l(t)G

¢ 1 —d e |z—y|
‘J:*UW’(,)(\J'?*!/D +(l)_.: (t) CXP ( '%’/71(1‘/&*1/‘)) .."

|z -yl
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Finite second moments

1) is regularly varying with the index 2.
Examples

t>Ta p(t,z,y) < () < |z —y| < <I>*1(t)1+9/z/1:1(t)9

t + (1)71 (Z)fd exp — <_ [z—y| > .’,~"

le—y7p(ja—yl) A (] |le—yl)

|z -yl

Kim, Panki (Z T7]) Heat kernel estimates for symmetric jump processes with general mixed



Finite second moments
1) is regularly varying with the index 2.
Examples

Remarks on lower bound

Suppose ® satisfies L(8, C1) with § > 1 and for some a > 0. Then there exist
C > 0and ar > 0 such that for any ¢t < ®(|z — y|)

=1 —d —a &
p(t,z,y) > CP™(t) eXP( L%—l(t/lm—yl))’
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Finite second moments
1) is regularly varying with the index 2.
Examples

Remarks on lower bound

Suppose ® satisfies L(8, C1) with § > 1 and for some a > 0. Then there exist
C > 0and ar > 0 such that for any ¢t < ®(|z — y|)

=1 —d —a &
p(t,z,y) > CP™(t) eXP( L%—l(t/lm—yl))’

Proof. Recall 7 (s) = sup, <, %. Letr = |z —yland k = [3r/¢ ' (&)].
By the definition of .#" and our choice of k,

3r\ k 3r t
RUR LI o) <
‘I)(k)r—w(k)—r

Thus, we have £ < 27" (t/k).
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Finite second moments
1 is regularly varying with the index 2.
Examples

Remarks on lower bound

Letzy=2+ t(y—2),1=0,1,-- ,k—1.For& € B(z,3 '@ (L)) and
&1 € B(zi-1,37' @7 (1)),

& = &-1] <& — | + |z — 21| + |21 — &1 < @7H(t/K). Thus by the
near diagonal lower bound, p(£,&-1,&) > c1®~*(t/k)~ . Using the
semigroup property, we get

p(t,z,y) >
/ / p(t, 2, 60) - p(L 6, y)der - - dEns
B(zp_1,3" '@~ 1(t/k)) B(z1,37 1@~ 1(t/k))

k—1
> o (t/k) " ] (B(zl,?,‘lcb‘l(t/k))l

=1
= cach® (/) (37 0 (¢ /k)) 1T
> ea(a) e (1) d>c<1> (t)*exp (—(log c)k)
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